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An inverse radiation problem
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Abstract—An inverse radiation analysis is presented for determining optical thickness and single scattering
albedo from the exit intensities for an isotropically scattering slab of finite thickness. The method involves
solving the non-linear least square equations constructed from the measured data and the exact solutions.
The confidence bounds are developed to assess the accuracy of the inverse solutions. The confidence bounds
are useful to determine the possible corrective measures needed to improve the precision of the predictions.

INTRODUCTION

INVERSE analysis of radiative transfer is concerned
with the determination of radiative properties from a
set of measured radiation quantities. Such a problem
has numerous applications in many different areas,
including, among others, remote sensing for the atmo-
spheric or aerosol properties [1, 2], temperature
measurement in glass manufacturing [3], and exper-
iments for obtaining material properties [4, 5].

A considerable amount of work has been reported
for determining single scattering albedo and the scat-
tering phase function from measurements of surface
radiation intensities [6-15]. A thorough review of
recent literature by McCormick [16-18] reveals that
almost all previous inverse analysis requires moments
of incident and emerging radiation intensities. Such a
requirement necessitates the numerical integration of
the angular intensities over the polar angles for the
azimuthally symmetric case, and over both the polar
and azimuthal angles for azimuthally varying radi-
ation. When intensities are available only in a finite
number of directions, the effects of errors involved in
the calculation of angular moments on the estimated
parameters were demonstrated by Sanchez and
McCormick {13]. Oelund and McCormick [15] tried
to reduce the errors involved in such integrations by
using a split collocation mesh for measurements
and cubic splines to interpolate the Gauss—Legendre
integration node points. Some investigators {19, 20]
assumed that the optical thickness was known, and
tried to determine the single scattering albedo by the
inverse Monte-Carlo method. Recently, Kamiuto and
Seki [21] applied the P, approximation to determine
the single scattering albedo and the asymmetry factor ;
but, because of the inaccuracy of the P, approxi-
mation, predictions were poor for medium-high to
low values of albedo.

Here, we present a straightforward approach to
determine the optical thickness and the single scat-
tering albedo directly from measured exit intensities,
either reflected, transmitted, or both, without a need

for integration over all solid angles. The method
involves the solution of non-linear least square equa-
tions constructed from the measured data and the
exact solution for the exit intensities. Measured data
are simulated by adding random errors to the exact
solutions of the direct problem, or by rounding the
exact solutions to a specific number of digits. To assess
the accuracy of predictions, a statistical analysis is
made to establish confidence bounds for the inverse
solution. Confidence bounds are useful not only for
estimating the accuracy of predictions, but also deter-
mining whether any corrective measures are needed
to improve the precision of predictions.

ANALYSIS

Consider a homogeneous, azimuthally symmetric,
absorbing, isotropically scattering, gray, plane-par-
allel medium of optical thickness t, subjected to iso-
tropic incident radiation at the boundary surfaces
7 =0 and no external incident radiation at 7 = 1,
The equation of radiative transfer and the boundary
conditions are taken as

3 T, !
TED |t = j I,
m0<t<ty, ~1gu<gl (la)
0.m=1, p>0 (1b)
1(105 —'ﬂ) = 09 M > 0" (IC)

Here, I(z,p) is the radiation intensity, © the optical
variable, u the cosine of the angle between the direc-
tion of the radiation intensity and the positive t-axis,
and o the single scattering albedo. We assume that
the exit radiation intensities at the boundary surfaces
7 = 0 and 7, can be measured experimentally, and we
attempt to find the optical thickness, t,, and the single
scattering albedo, w, of the medium by utilizing such
experimental data.

The exact solutions of radiation intensities to the
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A;,B; expansion coefficients in equations (2)

¢ normally distributed random number
m equation (15)

g/4&)  Chandrasekhar’s polynomials

Hi(1, ), Hy(u, &)  functions defined by

equations (5)

radiation intensity

exact radiation intensity for given

estimated @ and 7,

measured radiation intensity

average radiation intensity

number of measured data

quantity defined by equation (6)

inverse function defined by

equations (8)

functions defined by equations (7).

by Mg
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NOMENCLATURE

Greek symbols
o measured error, I, —/,
u direction cosine
& positive eigenvalues of

equation (3)

[e(I)]? variance of the measured
intensities

o(w)  standard deviation of the estimated
single scattering albedo

a(ty) standard deviation of the estimated
optical thickness

T optical variable

Ty optical thickness

Ty estimated optical thickness

1% single scattering albedo

@ estimated single scattering albedo.

direct problem defined by equations (1) have been
given in ref. [22]. The evaluation of this solution at
each boundary surface gives

J
10, =) = 4 % A H 0 6)+ B H (1 ).
u>0 (23)
and

, w Z
Izo, ) = e ok = 3 ELAH (. G))

j=1

+BH, (1, &),

for the case of w < 1, and

£>0 (2b)

I ( | ,
](0, —,u) = 27; [] -«e"n”‘]AJ + 2_;[ [[‘L(] —g Tl

J—1

. |
~1ye B, +Z;z Z f_;[A_;Hz(l% ED+BH (12,

=1
u>0 (20

and

, 1 .
g, ) =e" % + in [I—e )4,

1 .y 172! .
+ i [to—u(l—e "")B, + 24—7;,; &lAH (1.8))

+BH,(1, &), u>0 (2d)

for the case of ® = 1.

The 2.7 unknown expansion coefficients, 4;and B,
in equations (2) are determined by solving 2J linear
algebraic equations as described in ref. [22], where
J = (M+1)/2. In addition, M is an odd integer which
represents the order of expansion of radiation inten-
sity in terms of the Legendre polynomials, and the £,

are the positive eigenvalues of the eigenvalue problem
constructed in the form [23}

I(1-1) tfaxn: 2|,
[h;hll]g/z(f) + h,[ o, + i I:'Q;(C)

(T+23(1+1
+ {( * )(i_‘)]gm £{Ey =98 (B)

b iy

for I=0,2,4,...,M—1, and k are computed from
h, = 21+1—5,, where dy is Kronecker’s delta. The
functions g¢,(¢) are Chandrasekhar’s polynomial
determined from the recurrence formula [24]

U+ 1Dg (&) = hidg(&y—1g, (&) (4

with g,(&) = 1.
The functions H(u, £;) and H.(u, ;) appearing in
equations (2) are defined as

et ol

Hiw 8 =" (Sa)
and
[ fo=us, )
H2(H'e é) = ‘u+ é:’__. (:’b)

The inverse analysis is performed as follows. Let I,
{=1,2,..., N, be the measured exit intensities at N
polar angles and T(®, 7,) be the exact exit intensities
for a given estimated single scattering albedo, &, and
optical thickness, 1,, at corresponding polar angles.
We wish to minimize the quantity

N
S= 3 (Fh—i(@%) (6)
i=1
such that the values of @ and %, yicld a minimum for

S in equation (6). The quantity S is minimized by
imposing the requirements
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N 0(@,) 5

Yi= Y el i@, )] =0 (Ta)
and
Y,= % IO8) (7 _f@,2 =0, (Tb)

= 0%
These non-linear equations are solved by the finite
difference Levenberg-Marquardt algorithm [25, 26]
and the unknown @ and 7, are determined.

CONFIDENCE BOUNDS

In order to assess the validity and accuracy of
inverse solutions, the confidence bounds are now
developed for the predicted parameters. Let X be the
inverse function such that

o=X(I,I,...,1y) (8a)

and

Iy

Here, I, and T, are the exact and measured exit inten-
sities, respectively, while @ and & are the exact and
estimated single scattering albedo, respectively. The
Taylor series expansion of equation (8a) can be
written as

o =x(I,5L,.. (8b)

Y s o ox{,,L,..., L)
w=XT,T..,I,) - [T e
aX(flafZ’“':iN) aX(il’izy"-aiN) :I
of, £ or, &

+[Higher Order Terms] (9)

with §; being the measured errors with zero mean
defined as 7;—I,. We now replace X(I,,T,,...,T,) by
@, neglect the higher order terms, and rearrange to
obtain the standard deviation for & as

N 6" 2 - 1/2
o) = [z (g) [o(l,-)r] :

Here, [o(I))])* is the variance of the measured inten-
sities 7, and the measured data [, are assumed to be
independent of each other such that o(7,;) = 0, for
Jj#k.

Analogous to equation (10a), the standard devi-
ation for 7, is given by

N &, : 1/2
o(%o)=[2 (ﬁ) [a(li)]z] . (10b)

(10a)

We note that the derivatives d®/07; and 8 ,/01, rep-
resent the sensitivity coefficients for the solutions &
and 1, with respect to the measured data [. To cal-
culate 8@/01; and 8%,/61, we compute the total differ-
entials of Y, and Y,, defined by equations (7), and
rearrange the results in matrix form as
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-1
80 0o 36 oY, ov, |
of, of, oIy ER
P, Oty &, | =~ |oy, oy,
of, of, oIy ob 0t |
3y, oY, Y,
of, oI, oI,
3Y, 8y, oy, | - (D
of, oL oI, |

We substitute the definitions of Y, and Y, into equa-
tion (11) and neglect the terms involving higher order
derivatives of I, [27] ; then the following expression is
obtained for the determination of the derivatives
dd/él, and 0%,/0L, i = 1,2,..., N, in equations (10)

0 0 E)
0ty 0%, %,
ol, of, ofy
(of, oi, ] 1"
B o,
of, ol, % of, of,
b 0d: 90 | | ok o,
= | |of, of, ofy S
0, 0%y %o | of, of,
i \a(b 6‘EOJJ
of, af, of,
w W T e
of, of, of, | (12

where the derivatives 8/,/é and 81, /0%, are calculated
by finite differences evaluated at (@, 7,).

Since, in an inverse problem, the exact intensities
are not known, the variance of measured data, a(Z)z,
cannot be obtained for each I,. We assume a constant
variance for the measured data and replace [o(]))]2
by the constant variance, [¢(1)]>. When equation
(12) is substituted into equations (10), the following
expression is obtained for the variance of & and %,:

C@P\
([a(%o)]z) = [o(])]

N[5 ix 2 N 73 f, 0 fl
. 1‘=Zl <0(2)) |'=Zl <a—d;> <a%0>
B A A - 13
2:1 (5&;> (E) ig:l <6%0>

The standard deviations ¢(®) and o(i,) are then
obtained by taking the square roots of equation (13).

Once the inverse solutions are obtained from the
measured data, the derivatives 01,/0& and 61,/6%, are
calculated by finite differences, and the standard devi-




338 C.-H. Ho and M. N. Ozisik

Table 1. Predicted single scattering albedo, &, and optical thickness, 7,, using exact intensities
as the measured data

Percentage Percentage
w Ty w error Ty error

(a) Results obtained from transmitted intensities

0.1 0.1 0.100055 0.055250 0.100003 0.003278
0.5 0.1 0.500000 0.000058 0.100000 0.000024
0.9 0.1 0.900001 0.000066 0.100000 0.000060
0.1 1.0 0.100100 0.100043 1.000039 0.003902
0.5 1.0 0.500006 0.001271 1.000004 0.000439
0.9 1.0 0.899996 0.000495 0.999990 0.001029
0.1 2.0 0.099728 0.271637 1.999836 0.008179
0.5 2.0 0.500008 0.001615 2.000011 0.000530
0.9 2.0 0.899997 0.000364 1.999981 0.000967
(b) Results obtained from reflected intensities
0.1 0.1 0.100000 0.000037 0.100000 0.000060
0.5 0.1 0.500000 0.000075 0.100000 0.000127
09 0.1 0.899999 0.000063 0.100000 0.000124
0.1 1.0 0.100000 0.000399 1.000061 0.006120
0.5 1.0 0.499996 0.000833 1.000060 0.005953
09 1.0 0.900003 0.000366 0.999979 0.002102
0.1 2.0 0.100006 0.006404 1.991497 0.425146
0.5 2.0 0.500027 0.005435 1.997446 0.127682
0.9 2.0 0.900000 0.000031 1.999991 0.000441

Table 2. Predicted single scattering albedo, @, and optical thickness, %,, obtained from intensities with
measured errors

Percentage Percentage

Error type w Tq 1) error Ty error
(a) Results obtained from transmitted intensities

Randomft 0.1 1.0 0.1110 11.000 1.0037 0.370
T4 0.1 1.0 0.0911 8.915 0.9965 0.345
T3 0.1 1.0 0.0938 6.153 0.9974 0.260
T2 0.1 1.0 0.0930 7.043 0.9954 0.460

Random 0.5 1.0 0.4984 0.320 0.9981 0.190
T4 0.5 1.0 0.4997 0.068 0.9997 0.026
T3 0.5 1.0 0.4997 0.057 0.9998 0.021
T2 0.5 1.0 0.4998 0.032 0.9999 0.014

Random 0.9 1.0 0.9061 0.673 1.0161 1.608
T4 09 1.0 0.8998 0.019 0.9996 0.039
T3 0.9 1.0 0.8991 0.103 0.9998 0.023
T2 0.9 1.0 0.9072 0.805 1.0146 1.455

(b) Results obtained from reflected intensities

Randomt 0.1 1.0 0.0998 0.200 1.0426 4.260
T4 0.1 1.0 0.1000 0.037 1.0065 0.652
T3 0.1 1.0 0.0999 0.130 1.0109 1.088
T2 0.1 1.0 0.1020 1.951 1.4818 48.181

Random 0.5 1.0 0.5011 0.220 0.9949 0.510
T4 0.5 1.0 0.5000 0.001 1.0003 0.026
T3 0.5 1.0 0.4990 0.202 1.0169 1.686
T2 0.5 1.0 0.4986 0.283 1.0103 1.031

Random 0.9 1.0 0.9026 0.290 0.9794 2.059
T4 0.9 1.0 0.8999 0.009 1.0005 0.050
T3 0.9 1.0 0.8996 0.049 1.0027 0.269
T2 0.9 1.0

0.9013 0.141 0.9944 0.563

+ Assumed 5% measured errors at 99% confidence.
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ations of & and 1, are readily obtained from equation
(13) to establish the confidence bounds for the esti-
mated parameters. For example, for normally dis-
tributed measured errors, the 99% confidence bounds
about & and 7, are given, respectively, by

&+2.5760() (142)

and
o +2.5760(4) (14b)

where 2.576 arises from the fact that 99% of a
normally distributed population is contained within
+2.576 standard deviations of the mean.

RESULTS AND DISCUSSION

Numerical results are now presented to illustrate
the applications of the foregoing inverse analysis for
determining & and %, and the confidence bounds. A
FORTRAN program from the IMSL program pack-
age [26] was used to solve the non-linear least square
equation, equation (6), satisfying the requirements
given by equations (7) for the unknown parameters
@ and 1.

Tables 1(a) and (b) demonstrate the determination
of @ and %, by using the exact transmitted and
reflected intensities, respectively. The exit intensities
I7(©) and IF(z,), i=1,2,...,19, were calculated
from equations (2) for various combinations of
w=0.1, 0.5, and 0.9 and 7,=0.1, 1.0, and 2.0 by
dividing 0 < 0 < 90 into 18 equal intervals. The esti-
mated values of @ and %, are found to be in excellent
agreement with the exact w and 1, for all cases as
shown in Table 1. The worst case for @ occurred with
@ = 0.1 and 7, = 2.0, when the transmitted intensities
were used as the measured data; the relative error
was 0.27%. The worst %, occurred with @ = 0.1 and
7o = 2.0, when the reflected intensities were used as
measured data ; the relative error was 0.43%.

To demonstrate the effects of measurement errors
on the predicted parameters, we considered two types
of errors: the truncation error and the random error.
The measured exit intensities with truncation error
were obtained by rounding the exact solutions to a
specific number of digits, while the measured exit
intensities with random error were obtained by adding
normally distributed errors into exact solutions as

I =L+eoD), i=12,...,N. (15)

Here, 0 < ¢; < 1 is the normally distributed random
number with unit standard deviation and zero mean.
The standard deviation of measured intensities o(7),
for a 5% measured error at 99% confidence, is deter-
mined as

I'x5%
2.576

ol =

where [ is the average exit intensities and 2.576 arises
from the fact that 99% of a normally distributed

(16)
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population is contained within +2.576 standard devi-
ations of the mean.

Tables 2(a) and (b) show the effects of measurement
errors on the estimated & and %, obtained from the
transmitted and reflected intensities, respectively.
Three values of single scattering albedo considered
include w = 0.1, 0.5, and 0.9 and the optical thickness
is taken as 7, = 1.0. The error types T4, T3, and T2
represent the measured intensities obtained by round-
ing the exact solutions to 4, 3, and 2 significant digits,
respectively. The estimated values of @ and %, were
within 2% for the cases of @ = 0.5 and 0.9. For the
case of w = 0.1, the errors involved in the inverse
solutions for & varied from 6 to 11% when the trans-
mitted intensities were used as the measured data,
while the errors for 7, varied from 0.6 to 49% when
the reflected intensities were used as the measured
data. The results given in Tables 2(a) and (b) suggest
that, for small values of w, the optical thickness should
be determined from the transmitted intensities while
the single scattering albedo should be determined
from the reflected intensities.

Figures 1 and 2 show the confidence bounds about
%o and & for the case of w = 0.5 and 0.1, respectively,
with optical thickness taken as 7, = 1.0. The measured

&
g
© Exact
3 o6 --©--- Estimated
— —— Confidence Bounds
0.4 R
for &
021 /.EI(»/.&‘*‘.’Efe:a,\w"“r*\/ﬁ
/"v'\.;?_/"\/ B e T
0.0 T i T T T T i T T
Number of Runs
(@
A
\ T~ /\\
8\ // 4
Nt B oN
\ .- e, o
Y v
_ \\ '(//\x\m_h&//‘\
W
-
)
<3 Exact
---@--- Estimated
0.4 1 — —— Confidence Bounds
0.21 [fot @
0.0 1
t T T v 1 T T T T T i 1 T Ll ¥
Number of Runs
(b)

Fic. 1. Confidence bounds about & and %, using: (a) trans-
mitted, (b} reflected intensities as measured data for the case
of w=0.1and 7, =1.0.
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1.4
1.27
4&
-
=
3 0.6
- T T e e e T o R
= B e D L St e
0.4 1
for & Exact
0.2 ---@--- Estimated
— —— Confidence Bounds
0.0 1,
Number of Runs
(a)
1.4 1
3.2 7 ,///}\ // \ N
/”r L & N R o~
1.0 45 4. -9 154 - pc) ~_ T~
T N
—_— ~ N e = ~——_ e T
= ~—
0.8
5 \\for'ro
<3 0.6 vﬂ__ - ‘. ‘ o
0.4 1 (
for @ Exact
0.2 ---@--- Estimated
——— Confidence Bounds
0.04

i H T T B T H
Number of Runs

(b)

F16. 2. Confidence bounds about & and 7, using: (a) trans-
mitted, (b) reflected intensities as measured data for the case
ofw =0.5and 7r,=1.0.

errors introduced in the intensities are 5% normally
distributed random errors at 99% confidence. Differ-
ent sets of random numbers e; were used to repeat the
inverse calculations. As expected, Figs. 1 and 2 show
that the confidence bounds about & and 1, covered
the exact values of ® and 7, except at a few data
points. Figures 1(a) and 2(a) show that the confidence
bounds are narrower for %, when using the trans-
mitted intensities as the measured data, while Figs.
1(b) and 2(b) show that the confidence bounds are
narrower for & when using the reflected intensities as
the measured data. Such results conclude that, for
small values of w, it is preferable to determine the
optical thickness from the transmitted exit intensities
and the single scattering albedo from the reflected exit
intensities.
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UN PROBLEME DE RAYONNEMENT INVERSE

Résumé—Une étude de rayonnement inverse est faite pour déterminer ’épaisseur optique et ’albedo de
diffusion 4 partir des intensités sortant d’une lame a diffusion isotrope et d’épaisseur finie. La méthode
résout les €équations non linéaires de moindre carré, construites a partir des mesures et des solutions exactes.
Les limites de confiance sont développées pour fixer la précision des solutions inverses. Ces limites de
conflance sont utiles pour déterminer les corrections possibles, pour améliorer la précision des prévisions.

EIN INVERSES STRAHLUNGSPROBLEM

Zusammenfassung—Es wird ein inverses Verfahren der Strahlungsberechnung vorgestellt, mit dessen Hilfe
aus der Austrittsintensitit an einer isotrop streuenden diinnen Scheibe optische Dicke und Albedo bestimmt
werden konnen. Das Verfahren enthélt die Losung der nichtlinearen Regressionsgleichungen, die die
MeBdaten mit den berechneten Werten verkniipfen. Um die Genauigkeit der inversen Loésungen
abzuschitzen, werden die Vertrauensgrenzen bestimmt. Diese werden auch dazu verwendet, mogliche
KorrekturgréBen zu bestimmen, mit deren Hilfe die Genauigkeit der Berechnung verbessert werden kann.

OBPATHAS 3AJJAYA U3JIVYEHUSA

Amnoramms—PaccMoTpeHa obpaTHas 3afa4a no onpefejeHHIO ONTHYECKOH TOMIMHLI M anbbemo enu-

HHUYHOTO paccesiHMsl MO BXOAHOH HHTEHCHBHOCTH NMpPH PAacCEAHMH Ha M3OTPOMHOM MIACTHHE KOHEYHOMH

TosumHb. TToaxox BKAIOYAET pellleHHe HENMHEHHBIX YPaBHEHHMHl METONOM HAHMEHBIUMX KBAJpaToB,

MOCTPOCHHBIX IO IKCOEPHMEHTANBHHIM JAHHLIM M TOYHBIM pemieHHAM. IS OleHKM TOYHOCTH ofpart-

HBIX PEIUCHHHA ONMpEAECHB IPAHHIILI JOCTOBEPHOCTH METOAA, HA OCHOBAHMM KOTOPHIX BHOCHIIMCh HEO6-
XOOMMBbI€ NONPABKH /LIS NMOBLILICHAS TOYHOCTH PacyeTos.



